Abstract. Conservation laws of third order quasi-linear scalar evolution equations are studied via exterior differential system and characteristic cohomology. We find a subspace of 2-forms in the infinite prolongation space in which every conservation law has a unique representative. Analysis of the structure of this subspace based upon the symbol of the differential equation leads to a universal integrability condition for an evolution equation to admit any higher order (weight) conservation laws. As an example, we give a complete classification of a class of evolution equations which admit conservation laws of the first three consecutive weights −1, 1, 3. The differential system describing the flow of a curve in the plane by the derivative of its curvature with respect to the arc length is also shown to exhibit the KdV property, i.e., an infinite sequence of conservation laws of distinct weights.
Introduction
For a second order scalar evolutionary differential system (equation), it is known that every conservation law can be defined on the second jet space [BG2] . In fact, there is an upper bound on the order of the conservation laws for the even order scalar evolution equations [F] . However, it is not true in the case of odd order equations, as is illustrated by the KdV equation, and the infinite prolongation becomes necessary.
The lowest order conservation laws of the general quasi-linear third order scalar evolution equations are considered in [F] , where the normal forms for the equations admitting such conservation laws are found. [K] considers the evolution equations with higher order conservation laws, and [M] provides an extensive list of the equations that possess some kind of formal symmetry.
The purpose of this paper is to study the conservation laws of the third order scalar evolution equations of the form (1) u t = f (x, u, u x )u xxx + g (x, u, u x , u xx ) via exterior differential systems and characteristic cohomology. The differential system and characteristic cohomology approach not only facilitates the computations involved, but it naturally gives rise to the notion of weight of a conservation law, which plays the role of the order of a conservation law in our treatment.
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We find a universal integrability condition for equation (1) to admit a higher weight conservation law, which is expressed in terms of a curvature of a frame bundle associated to the equation. For instance, if this curvature does not vanish, every conservation law can be defined on the second jet space of solutions. Explicit computation of examples suggests the following conjecture:
Suppose a differential equation (1) has three conservation laws of distinct weights greater than or equal to 1. Then it has an infinite sequence of conservation laws of distinct weights.
In Section 1, we solve the problem of equivalence, up to point transformations, for the differential systems that locally correspond to (1). Equivalence problem is solved on a principal bundle with certain two-dimensional group G as fibers, and we find a complete set of invariants whose functional relations determine the differential system up to the admissible transformations. The structure equations on the infinite prolongation space developed in Section 2 enable us to find a certain subspace, rather than a quotient space, in which every conservation law has a unique representative. We compute a rough normal form of a conservation law, and this leads to the universal integrability condition to admit any higher order conservation laws. The representation of the structure group G on the conservation laws gives the aforementioned notion of weight. In the final section, we compute the conservation laws of two classes of differential systems using the general theory. In particular, the k 1 flow, the flow of the curve in the plane by the derivative of its curvature with respect to arc length, is shown to exhibit the KdV property, i.e., an infinite sequence of conservation laws of distinct weights.
In this paper, we only consider scalar conservation law, which is a special case of a Lie algebra g-valued conservation law. It would be interesting to study the case g = sl(2, R) or g = su(2) for equation (1). Geometrically, a g-valued conservation law for (1) induces a map from (simply connected) solution surfaces to a Lie group with g as its Lie algebra.
We thank Professor Robert Bryant for his guidance and support throughout this work.
Structure equations on F → M
Consider the following 1-forms on (t, x, u, p, q) space, where p and q stand for u x and u xx respectively, and f (x, u, p) = 0: u, p) (dp − q dx),
Then the integral manifolds of the differential ideal
on which w 1 ∧ w 2 = 0 correspond to the solutions of the pde (1). Note the 1-forms introduced above satisfy the following structure equations:
Conversely, if a coframe { w 2 , η 0 , w 1 , η 1 , γ 2 } of a five manifold M satisfies equations (3) and (4) for a nonzero vector field T , then the differential system (2) with independence condition w 1 ∧ w 2 = 0 corresponds (locally) to the pde
which includes (1) as a special case. We call such differential systems quasi-linear time-independent third order evolutionary differential systems. Given such a differential system I on M, M has a G 0 ⊂ Gl(5,R) structure, where G 0 is a subgroup whose induced action on 2 T * M preserves the subspace defined by I. Equivalently, the principal right Gl(5,R) bundle on M can be reduced to a G 0 bundle via I. Let F 0 
where '.' denotes 0. Note that if we allow the equivalence up to full contact transformations, η 1 term can be added to w 1 . Thus on F 0 , we have the following structure equations: 
Here ω 2 , θ 0 , ω 1 , θ 1 , s 2 are tautological 1 forms, α, β, φ, φ 1 , ψ, ψ 1 are pseudoconnection forms, and
representing the torsion of the pseudo connection defined by α, β, φ, φ 1 , ψ, ψ 1 . This pseudo-connection is not uniquely defined, and modifying the pseudoconnection forms by the tautological 1 forms θ 0 , ω 1 , θ 1 , s 2 , the torsion can be arranged as follows:
where a 1 , a 2 , a 3 , R are functions on F 0 . Note that since the equivalence up to point transformations is allowed, the differential ideal generated by { θ 0 , ω 1 } is integrable. The original differential system corresponds (locally) to an equation of the form ( x, u, p, q ) iff R = 0, which we assume from now on.
At this stage, no more absorption is possible without changing the form of the torsion given above. By taking the exterior derivative of the structure equations with the reduced torsion, we get
Hence, the G 0 structure can be reduced to a G 1 ⊂ G 0 structure by requiring a 1 = 0, a 2 = 0, a 3 = 0. In other words, we restrict to the sub-bundle F 1 of F 0 cut out by these relations. The structure equations on
By modifying α, ψ, we can arrange so that
where E, F, G, K, a 4 are now functions on F 1 that represent the unabsorbable torsion. Taking the exterior derivative again of the structure equations with this modified torsion gives, among other things, that a 4 can be translated to 0 by the group action corresponding to ψ. Thus we can reduce the G 1 structure F 1 to a twodimensional G ⊂ G 1 structure F on which a 4 = 0, and
Summarizing the results, we have the following proposition.
Proposition 1.1. Let M be a five manifold with a quasi-linear time-independent third order evolutionary differential system I that locally corresponds to the equation of the form
The complete set of invariants of this G structure consists of , E, F, G, K, L, M, N and Given an evolutionary pde (1), we mention that K = 0 iff the pde is of the form (x, u, p) .
In this case, E = −N, and N
Consider the linear pde u t = u xxx . Since every t derivative of u can be replaced by xxx derivative for any solution u, we may define the (k + 3)rd jet space J k+3 of u as the space with coordinates
where p 1 = u x , p 2 = u xx , and p i = u xxx...x . In terms of differential forms, we introduce the following 1-forms on J k+3 .
} is a basis of T * J k+3 , and they satisfy the following structure equations:
The original differential system for u t = u xxx on ( x, t, u, p 1 , p 2 ) space is generated by
and the structure equations show the (k + 3)rd prolongation of this differential system on J k+3 is generated by 
Note that 2. implies the (k + 3)rd prolonged ideal I k+3 on F k+3 is generated by
Also by definition,
Proof. 1. It follows from the definition, as long as r k+3 ∈ C ∞ (F k+2 ), which is checked below.
2. First, we consider the original differential system I = I 2 on F = F 2 . (For simplicity, we use the same letter I to denote π * I on F, where π : F → M)
Since θ 0 ∧ ω 2 ∈ I , θ 0 is a multiple of ω 2 on every integral manifold of I on which ω 1 ∧ ω 2 = 0. This suggests introducing
But,
by definition of θ 2 . Also from the structure equations on F,
This implies I 3 is generated by
which is the p 3 prolongation I 3 of I. From the arguments above, it is clear that every integral manifold of I 3 in F 3 on which ω 1 ∧ ω 2 = 0 is a graph over an integral manifold of I in F. Note that
is a basis of T * F 3 . Next, we define the p 4 prolongation by a similar procedure, introducing
Then,
The claim for p 5 , p 6 , p 7 prolongations can also be checked as above by direct computations.
Inductively, suppose there exists a sequence of time independent functions r 5 , r 6 , . . . , r k+3 , k ≥ 4, such that the structure equations in 2. of the theorem is true. It suffices to show there exists time independent r k+4 ∈ C ∞ (F k+3 ) such that
We only verify the claim mod α, β for simplicity. The terms containing α and β can be checked by counting the weights of the representation of the structural group G on F ∞ . For brevity, we use { p i } to denote a time independent function on F i , i.e., it's an algebraic function of p 3 , p 4 , . . . , p i , and the complete set of invariants of the original G structure F → M.
Notice from the structure equation on F → M,
Thus,
is time independent by induction hypothesis and k ≥ 4. Also,
by definition of r k+4 . Now, it is sufficient to show
is time independent and by definition of the 1-form π i ,
In particular, dp
and r k+4 ∈ C ∞ (F k+3 ) is uniquely determined. 3. Straightforward computations. We omit the proof.
Conservation laws
In this section, we compute a rough normal form of conservation laws using the structure equations on F ∞ → F. This leads to a universal integrability condition to admit any higher weight (to be defined in 3.2) conservation laws in terms of vanishing of certain invariants of the bundle F→ M defined in Section 1. Throughout this section, we denote by p I k+3 the space of p-forms on F k+3 in the ideal I k+3 .
3.1.
, we start with a definition. which becomes a classical conservation law for an evolutionary pde once we impose nice decay conditions on the solutions. [BG1] shows that, at least locally, the cohomology C ∞ defined as above is isomorphic to the classical space of conservation laws
Instead of dealing directly with the quotient 2 I ∞ / dI ∞ , we introduce a section of the projection
Theorem 3.2. There exists a sequence of subspaces
We define
In this theorem, the expression { θ 1 ∧ θ 0 }, for example, means the subspace generated by the 2-form θ 1 ∧ θ 0 .
Corollary 3.3. Every conservation law has a unique representative in H ∞ .
Proof of Theorem 3.2. 1. Suppose Φ ∈ 2 I k+3 for some k ≥ 0. Then
we may take v = 0 by modifying i and c ij if necessary mod dI k+3 . Also, since 
First, note that as we prolong from I k+3 to I k+4 ,
This observation together with the fact
We inductively define H k+4 by (F l+3 ) and
3.2. Sequence of linear differential systems. Consider a generator Φ of a conservation law that belongs to H k+3 only pointwise:
where A, B, C, T i+1,i , X i+2,i , X j+3,i , and Y i are functions on F ∞ . We first note that all of the coefficients A, B, C, T i+1,i , X i+2,i , X j+3,i , Y i must be functions on F k+3 in order for Φ to be closed, which in turn justifies the decomposition of 2 I ∞ in Theorem 3.2. Moreover, the coefficient T k+2,k+1 of highest weight 2k + 3 under the representation corresponding to the connection form β of the original G structure F → M turns out to indicate exactly when Φ ∈ H k+2 ⊂ H k+3 . Throughout this section, Φ will always be assumed to be closed, and for the reasons to follow, we call A, B, C, and
Corollary 3.5 follows from the fact the differential system is time independent and dβ = 0. In local coordinates, an evolution equation (1) satisfies (x, u, p, q) is at most quadratic in q, and f (x, u, p) and g(x, u, p, q) satisfy some fifth order partial differential relations. We also mention that if K is not 0, there is no conservation laws in H 1 .
Proof of Theorem 3.4. We assume k ≥ 1. The cases k = −1, 0 can be checked by direct computations.
1. From the results in the preceding section, we need to show
Rather than getting into the detail of the computation, we present a sketch of the arguments involved.
gives X k+3,k−1 = 0. Inductively,
gives X k+3,i−1 = 0 for k − 1 ≥ i ≥ 1. Other than the structure equations in Theorem 2.1, we make use of the fact
for r i is a function on F i−1 that is time independent. 2. We only show
The rest of the assertion follows easily from this. Put
1 with these relations, we get
k+2,k+1 = 0, and we have
Finally,
Since the equation dΦ = 0 is a linear differential system for the coefficients A, B, C, T i+1,i , X i+2,i , X j+3,i , and Y i , we have the following corollary. Thus, for each k + 3, k ≥ −2, there is a linear differential system
on H k+3 whose solutions correspond to the conservation laws in H k+3 .
The theorem also suggests and justifies the following definition.
Definition 3.7. Let Φ ∈ H ∞ be a conservation law. We define
2i + 1.
For a conservation law Φ ∈ H 1 , we set |Φ| = −1. We also define
= { conservation laws of weight at most 2k + 3 },
= { conservation laws of weight 2k + 3}.
Corollary 3.8.
and
The results in this section can be summarized as follows. Along with the prolongation tower F k+3 ,
we attach the subspaces H k+3 ,
and a sequence of linear differential systems D k+3 ,
whose solutions are the conservation laws of weight at most 2k + 3. The sequence {D k+3 } ∞ k=−2 enjoys the property
We finally mention that the weight of a conservation law roughly corresponds to the number of x derivatives of u involved in local coordinate expression, which agrees with the fact the orders of the conservation laws of the KdV equation jump by two.
Examples
We compute the conservation laws of weight at most 3 for two classes of differential systems. A differential system will be called type ( n −1 , n 1 , n 3 ) if it has n i conservation laws of weight i. 4.1. Nonlinear differential systems with invariant N = 0 that have at least one conservation law of weight −1, 1, and 3 respectively. A complete classification can be given for this class of differential systems, where essentially the nonlinearity assumption allows us to close up the linear differential system D 3 . First of all, a necessary condition to have a conservation law of weight −1 is K = 0, and imposing the condition N = 0 and (5) of Corollary 3.5, the structure equations in Proposition 1.1 become
on a section α = β = 0 , which exists since dα = dβ = 0 . It is easily verified that these equations imply the following simple local normal form:
θ 1 = dp − qdx,
which corresponds to the evolutionary pde g(x, u, p) . In [ChT] , it is shown the curvature of the k 1 -flow satisfies the mKdV equation under a suitable local coordinates system. In case I = 0, the differential system does not have any conservation laws of weight −1. Below are the Finsler structures whose k 1 -flow have at least one conservation law of weight 1 and 3.
(b) case I = 0, dI = ( − 3 2 + 1 3 I 2 ) η 3 . It is type ( 0, 3, 2 ), and also has one conservation law of weight 5. There does not exist a Finsler structure realizing this structure equation [B] .
(c) case I = 0, dI = I 3 η 3 = ( − 3 2 + 1 3 I 2 ) η 3 , dI 3 = ( −I + 2 9 I 3 ) η 3 . It is type ( 0, 3, 1 ), and also has one conservation law of weight 5.
Remark. Each of the differential systems presented in the list (6) of example 4.1 and (a), (b), (c) of example 4.2 also has exactly one conservation law of weight 5. After computing the conservation laws of these and other similar examples, it is tempting to conjecture the following.
Consider a differential system that locally corresponds to a nonlinearizable (nonlinear) evolutionary pde of the form
If the differential system has conservation laws of weight −1, 1, and 3, then it has a conservation law of weight 2k + 3 for each k ≥ 1. In general, if the differential system has three conservation laws of distinct weights greater than or equal to 1, then it has an infinite sequence of conservation laws of distinct weights.
